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Abstract—This article proposes an analytical model of a multi-
service hierarchical system with multi-service overflow traffic.
To model the primary and secondary resources of this system,
the state-dependent queue service discipline was used. In order
to model the secondary resources with the dedicated queue
for overflow traffic, the Hayward’s approach was generalized
and applied. To evaluate its accuracy, the results of analytical
modeling were compared with the data obtained during the
simulation experiments carried out in the study. Both the data
presented in the article and the results obtained by the present
authors in numerous comparative studies clearly indicate that the
proposed model makes it possible to evaluate the values of the
blocking probability with the accuracy that provides its reliable
practical application at the stage of network dimensioning. The
overflow mechanism has particular significance in networks with
limited resources, such as mobile networks.

Index Terms—Analytical modeling, queuing systems, overflow
traffic, multi-service systems.

I. INTRODUCTION

NETWORK operators have been using a wide variety of
traffic management mechanisms over many years. These

mechanisms allow us to use network resources in the most
efficient manner possible, particularly in a situation where
these resources are limited. One of the oldest mechanisms used
for this purpose is traffic overflow. The mechanism was used
for the first time in hierarchical telephone networks [1], [2],
[3], [4], [5]. The concept of traffic overflow is very simple:
calls that cannot be serviced by a given network resource can
be transferred or redirected to another resource, which prevents
new calls from being lost. According to the adopted system
terminology, the network resources at which a new call arrives
first are termed primary resources. Those resources to which
calls are redirected are, in turn, called secondary or alternative
resources [1].

Despite the passage of time, overflow mechanisms are still
widely used in modern telecommunications and computer
networks. In addition, the overflow mechanism is of partic-
ular significance in networks with limited resources, such
as mobile networks. The development of technology used in
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Fig. 1. Overflow mechanism in mobile networks.

mobile networks causes radio resources to require cooperation
of wireless communication systems of different generations
(from 2G to 5G) to guarantee their effective operation and
sustainability.

The interworking of different access technologies becomes
especially important in 5G networks, particularly in the context
of resource congestion and fluctuating coverage. One of the
mechanisms that ensures continuous access to services is
dynamic traffic transfers between different radio interfaces,
including from 5G to LTE. Such redirections, implemented
in real time at both the access and the core layers, allow
users to maintain active sessions even in the event of qual-
ity degradation or temporary unavailability of the chosen
technology. These mechanisms are supported by functions
of Self-Organizing Networks (SON), which allow flexible
adjustment of user allocations to current network conditions.
Figure 1 presents an exemplary scheme for realizing traffic
overflow between cells in LTE and 5G mobile networks (it
should be emphasized that each operator defines how the over-
flow mechanism operates within their specific network). In the
case considered, traffic related to voice and data transmission
is primarily offered to the LTE cell. If this cell cannot service
a new call, the call is transferred (overflows) to the 5G system
cell. Only when the 5G cell lacks sufficient resources to service
the specific call is it lost. The overflow mechanism operates
independently in each LTE cell. It is worth noting that, in the
presented scenario, the 5G cell services both calls that cannot
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be serviced by the LTE cells and those calls that are offered
to it directly (in traffic engineering, such calls are referred to
as own traffic).

In the following, we first review the main applications and
analytical models of overflow traffic, and then present a new
model of a multi-service overflow system with queuing in both
primary and secondary resources.

A. Related Work

Traffic overflow mechanisms have been extensively applied
in modern telecommunications networks. Such an expanded
network infrastructure makes it possible for the operator to
transfer users’ connections between the available resources of
the same network (i.e., between cells from overloaded nodes
to underutilized ones) as well as between network resources
of different types (the so-called vertical connection transfer)
[6], [7], [8], [9], [10]. This approach provides operational
continuity of access to offered services. The traffic overflow
mechanism is also used in self-organizing networks (self-
optimizing, self-configuring networks) as an effective method
to balance and equalize the load.

Similar overflow mechanisms are also applied beyond
mobile networks. It is becoming increasingly common to use
the cloud bursting mechanism [11], [12], [13], which allows
for the transfer of the redundant traffic from a private cloud
to public cloud resources, especially during sudden surges in
demand for computing power, disk space, or bandwidth. Using
global traffic balancing systems, such as Google Cloud Load
Balancing [14], it is possible to dynamically manage traffic
between private and public environments, taking into account
the current state of congestion, latency and routing policies.

The traffic overflow mechanism is also used in packet
networks [15], [16], [17], [18]. The mechanism, similarly as in
the case of self-optimizing cellular networks, allows the link
load to be equalized. A good example of the application of the
traffic overflow mechanism in packet networks is the Scheme
for Alternative Packet Overflow Routing (SAPOR) [19]. In
this solution, the traffic overflow process is applied to new data
streams only, making it possible to employ alternative routes
in the routing process. The concept of overflow traffic is also
used in data centers. Similarly as in the examples presented
above, it makes it possible to equalize the load, which is of
great importance in the context of energy saving.

The problem of modeling multi-service overflow systems
with queuing was addressed for the first time in [20]. This
work proposed a model of a multi-service overflow system
with queueing for the primary resources to which Erlang
traffic streams were offered. The problem of modeling multi-
service systems in which queues with limited capacity are used
both for primary and for secondary resources has not been
addressed as yet.

Analytical modelling of complex service systems has a long
tradition in teletraffic and performance analysis. Important
contributions include methods for describing overflow traffic,
e.g., [1], [3], [4], [16], [21], [22], [23], [24], [25], [26], [27],
[28], [29], and [30] and the study of overflow processes in
single-queue systems [3], [31], [32], [33], [34], [35], [36].

These works established methodological foundations for the
analytical study of systems with overflow traffic.

A multi-service queuing model with state-dependent queue
service discipline, called SD FIFO (State Dependent FIFO),
has been proposed and analyzed in [37], [38], [39], and
[40]. These works build on models of multi-service systems
with elastic traffic [41], [42]. In SD FIFO model, the service
process is approximated by a reversible Markov process, which
ensure appropriate service stream values in the compression
or queuing states. This reversible Markov process enforces an
appropriate allocation of the server resources (the number of
allocation units, AUs, of the individual classes being serviced)
and, consequently, the numbers of AUs of each class waiting
in the queue. This means that, in a given state of the process,
the number of AUs of class i in service depends on the number
of AUs of the remaining classes in service. A system defined
in this way may be regarded as M virtual queuing systems,
where M is the number of classes, in which the bit rates of the
individual servers are variable and depend on the numbers of
calls of each class that are being serviced and are waiting in
the corresponding queues. Such an allocation of the resources
in the server and in the queues, determined in each state on the
basis of the Markov process, is consistent with the balanced
fairness resource allocation algorithm, which provides state-
dependent service of all call classes by admitting calls from
the (virtual) queues in a balanced manner and prevents any
single class from monopolizing the service.

This means that, in a situation where there are, for example,
10 AUs of class i followed by 3 AUs of class j in the queue,
the algorithm will not first send all 10 AUs of class i to service
and only then the 3 AUs of class j, but will take allocation
units of classes i and j in parallel from the corresponding
virtual queues. Such behavior of the algorithm is not related to
prioritization, because the algorithm takes AUs of all classes in
parallel (although not in equal numbers), without favoring any
class. This means that, if in a given state the AUs of a given
class are taken in the largest number, then in another state they
may be taken in the smallest number, always as determined
by the controlling Markov process. This behavior makes the
SD FIFO model an idealized model and difficult to implement
in practice, since a control device would have to recompute
the allocation of the server resources on the basis of the
Markov process after each state change. However, simulation
studies show that the model provides a good approximation
of the behavior of multi-service queueing systems with FIFO
discipline.

B. Research Contribution

The present study goes beyond the scope of these works
and enables the analysis of multi-service hierarchical telecom-
munication systems that include queuing for both primary
and secondary resources and accommodate Erlang, Engset
and Pascal traffic classes with a compression mechanism. The
article proposes a model of a multi-service overflow system
with queuing for its primary and secondary resources, to which
multi-service Erlang, Engset and Pascal traffic streams are
offered.
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Fig. 2. Scheme of the multi-service overflow system with queues in the primary resources.

Building on the existing SD FIFO multi-service queuing
model introduced in [37], [38], [39], and [40], this model
is used as the analytical framework for describing the joint
service and queuing process in the primary and secondary
resources.
• A gap is identified in the analytical modelling of

multi-service overflow systems in which limited-capacity
queues are employed in both primary and secondary
resources, extending earlier work on multi-service over-
flow systems with queuing only in primary resources [20].

• The existing SD FIFO multi-service queueing model [37],
[38], [39], [40] is adapted to the analysis of hierarchical
overflow systems with Erlang, Engset and Pascal traf-
fic, providing a unified framework for joint service and
queuing.

• Hayward’s method, originally developed for single-
service systems without additional traffic management
mechanisms [4], is generalized to multi-service secondary
resources with queues by introducing a mixture of multi-
ple degenerate traffic streams and a collective peakedness
factor determined as a weighted average of the per-class
peakedness factors.

• The OverFlow-Q-ErEnPa method is developed as an
iterative analytical framework for evaluating blocking
probabilities and mean queue lengths in multi-service
hierarchical overflow networks with Erlang, Engset and
Pascal traffic at the dimensioning stage.

II. TRAFFIC OVERFLOW SYSTEM IN SYSTEMS WITH
QUEUEING IN PRIMARY AND SECONDARY RESOURCES

The present article considers a multi-service overflow sys-
tem, in which calls of different traffic classes in the case of the

occupancy of the primary resources will first be directed to the
queue, where they will be waiting for the primary resources
to be released. The assumption is that the queues have limited
capacity and it is only when they are fully occupied that
calls will be directed to the system of secondary resources.
When all secondary resources are occupied, calls will wait in
a queue that is related to secondary resources. In the case of
the occupancy of a queue related to the secondary resources,
calls will be lost. Figure 2 shows the general scheme of the
traffic overflow system with dedicated queues for the primary
and secondary resources.

The capacities of servers and queues, as well as the other
parameters of the analytical description introduced further on,
are expressed in AUs. The allocation unit is defined as such
a bit rate that the bit rates of all calls, as well as the server
capacities, are integer multiples of it [43], [44], and [45].

The primary resources of the system presented in Figure 2
are composed of r component primary resources, where each
resource s has the server capacity Vs and queue capacity Qs,
expressed in allocation units (AU). The secondary resource has
the server capacity of V0 AU and the queue capacity equal to
Q0 AU.

The primary resource s (1 ≤ s ≤ r) is offered ms traffic
classes from the set Ms, including mEr

s classes that belong to
the resource MEr

s Erlang traffic classes, mEn
s class that belong to

the set MEn
s Engset traffic classes and mPa

s classes that belong
to the set MPa

s of Pascal traffic classes, while mEr
s +mEn

s +mPa
s =

ms, MEr
s ∪ MEn

s ∪ MPa
s = Ms and m =

Pr
s=1 ms.

In Figure 2, the following notation for appropriate traffic
intensities is adopted:

AX
c,s(n)– the average intensity of traffic of class c

(c ∈ Ms) type X (X = Er|En|Pa) offered to
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the primary resource s, in the occupancy
state n AU,

RX
c,s– the average intensity of traffic of class c

(c ∈ Ms) that overflows from the primary
resource s, with the assumption that traffic
of class c offered to the primary resources
s is of type X (X = Er|En|Pa),�

σ2
c,s

X–]variance of traffic of class c of type X
that overflows from the resource s of the
primary resource system,

tc,s– the number of AUs demanded by a call
of class c to be serviced in the primary
resource s,

n– system occupancy state, defined as the
total number of AUs occupied in the
system by calls undergoing the service
process.

Erlang traffic is independent of the state of the service
system, whereas Engset and Pascal traffic is system state
dependent, particularly on the number of already serviced calls
of Engset and Pascal type [45]:

∀1 ≤ s ≤ r∀i∈MEr
s
∀0≤n≤Vs AEr

i,s(n) = AEr
i,s =

λi,s

µi,s
, (1)

∀1 ≤ s ≤ r∀ j∈MEn
s

AEn
j,s(n) = αEn

j,s

�
S En

j,s − nEn
j,s(n)

�
, (2)

∀1 ≤ s ≤ r∀l∈MPa
s

APa
l,s(n) = αPa

l,s

�
S Pa

l,s + nPa
l,s(n)

�
, (3)

where:
AEr

i,s– the average intensity of traffic of class
i Erlang type offered to the primary
resource s, regardless of the occupancy
state n AU,

λEr
i,s– the average intensity of calls of class i

Erlang type,
µEr

i,s– the average service intensity for calls of
class i of Erlang type in resource s,

AEn
j,s(n)– the average intensity of traffic of class

j Engset type offered to the primary
resource s, in the occupancy state n AU,

APa
l,s(n)– the average intensity of traffic of class

l Pascal type offered to the primary
resource s, in the occupancy state n AU,

αEn
j,s– the average intensity of traffic of class j

Engset type, generated by one free source
in the resource s:

αEn
j,s =

γEn
j,s

µEn
j,s
, (4)

γEn
j,s– the average intensity of calls of class j

Engset type, generated by one free source,
µEn

j,s– the average service intensity for calls of
class j Engset type in the resource s,

αPa
l,s– the average intensity of traffic of class l

Pascal type, generated by one free source:

αPa
l,s =

γPa
l,s

µPa
l,s
, (5)

γPa
l,s– the average intensity of calls of class

l Pascal type, generated by one single
source,

µPa
l,s– the average service intensity for calls of

class l Pascal type in the resource s,
S En

j,s– the number of traffic sources of class
j Engset type, related to the primary
resource s,

S Pa
l,s– the number of traffic sources of class

l Pascal type, related to the primary
resource s,

nEn
j,s(n)– the average values of the number of active

sources of class j Engset type in the
primary resource s in the occupancy state
n AU,

nPa
l,s(n)– the average values of the number of active

sources of class l Pascal type in the pri-
mary resource s in the occupancy state n
AU.

The assumption adopted in this paper that the a mixture
of Erlang, Engset and Pascal traffic is offered to the system
covers all possible behaviors of the traffic streams offered to
the system. In the case of Engset traffic, the call intensity
decreases with increasing occupancy state of the system. For
Erlang traffic, the call intensity is constant and does not depend
on the occupancy state of the system. For Pascal traffic, the
call intensity increases with increasing occupancy state of the
system.

If a call of class c cannot be serviced by the primary
resource s, it is redirected to a queue of a complement resource
s with the capacity Qs AU. When this queue has no space
available, i.e. tc,s AU, a call of class c will be redirected to the
secondary resource with the capacity V0 AU. If a call of class c
cannot be serviced by the secondary resource with the capacity
V0, it is redirected to a queue in the secondary resource with
the capacity Q0 AU. If the call cannot be stored due to lack
of free tc,0 AU in the resources of the queue with the capacity
Q0, the call will be lost.

III. MODELS OF RESOURCES IN OVERFLOW SYSTEM

The model of a traffic overflow system with queueing in
the primary and secondary resources is composed of a model
of the primary resources, a model to determine the average
value and variance of individual classes of overflow traffic
and a model of the secondary resources. These three models
make it possible to determine all important characteristics of
the overflow system, in particular the blocking probability for
call streams that are offered to the system. To model each of
the primary resources, a multi-service SD FIFO model [38]
was used, whereas to determine the parameters of traffic that
overflows from the primary resources, the method developed
in [46] was used. To model the secondary resources with
the dedicated queue, a new SD FIFO model was proposed
that takes into account handling of traffic streams with the
peakedness factor different than one.
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A. Model of Component Primary Resources

In this article, to model component primary resources with
queueing a recursive occupancy distribution in the SD FIFO
queueing system is used [38], that, in line with the adopted
notation for this article, can be written for Erlang, Engset and
Pascal traffic as follows:

[Pn]Vs+Qs =
1
κ

�X
i∈MEr

s

AEr
i,sti,s

�
Pn−ti,s

�
Vs+Qs

+
X

j∈MEn
s

AEn
j,s(n − t j,s)t j,s

�
Pn−t j,s

�
Vs+Qs

+
X

l∈MPa
s

APa
l,s(n − tl,s)tl,s

�
Pn−tl,s

�
Vs+Qs

�
, (6)

where κ = min(n,Vs), n (0 ≤ n ≤ Vs + Qs) is the
number of AU occupied by calls that are serviced and
queued in the component resource s, whereas the distribution
[Pn]Vs+Qs determines the occupancy probability n AU in the
primary resource s with the server capacity Vs and queue
capacity Qs.

The dependence between the value of offered traffic and
the number of serviced calls of a given class of Engset
traffic (Formula (2)) and Pascal traffic (Formula (3)) makes
it necessary to apply the iteration procedure to determine
the occupancy distribution in the considered full-availability
primary resources on the basis of Formula (6). Exactly as in
the solution presented in [47], it is possible to make the values
of intensity of offered Erlang-Engset-Pascal traffic dependent
on the occupancy state of the system, and in consequence
to determine the occupancy distribution in the system with a
finite number of traffic sources, using Formula (6). The method
[47] is based on the assumption that the average number of
calls of a given class serviced in a given occupancy state
in a group with a finite number of traffic sources is similar
to the average number of calls serviced in this state for the
case of an infinite number of traffic sources. This particular
approach assumes that the number nEn

j,s(n) and nPa
l,s(n) of active

Engset sources of class j and Pascal sources of class l in the
occupancy state n AUs in the resource s can be approximated
by the value of the parameters of the service streams yEn

j,s(n)
and yPa

l,s(n) that determine the average number of serviced
calls of classes j and l in state n of occupied AUs in the
resource s:

nEn
j,s(n) ≈ yEn

j,s(n), nPa
l,s(n) ≈ yPa

l,s(n). (7)

According to the adopted assumption, the parameters for
service streams yX

c,s(n) can be determined on the basis of
Formula [47]:

yX
c,s (n)

=

8̂<̂
:AX

c,s(n − tc,s)

�
Pn−tc,s

�
Vs+Qs

[Pn]Vs+Qs

for 0 ≤ n ≤ Vs + Qs,

0 in other cases,
(8)

in which, the probabilities [Pn]Vs+Qs will be determined using
the recurrence (6), with the initial assumption that the value of

offered traffic is independent of the number of active Engset
and Pascal traffic sources1:

∀1≤s≤r∀ j∈MEn
s

AEn
j,s(n) = αEn

j,sS
En
j,s, (9)

∀1≤s≤r∀l∈MPa
s

APa
l,s(n) = αPa

l,sS
Pa
l,s. (10)

By having the traffic values: AEr
i (Formula (1)) and AEn

j (n)
(Formula (2)) and APa

l (n) (Formula (3)), it is possible to
determine the distribution of probabilities based on the dis-
tribution (6). The state probabilities obtained on the basis of
Equation (6) provide input data for the next iteration, in which,
according to the assumed adopted, the value of the parameter
yX

c,s(n) that determines the number nX
c,s(n) of traffic sources

serviced of class c type X in the occupancy state n AU of
the primary resource s can be determined. To determine the
average number of serviced calls (occupied traffic sources)
of individual classes, denote the occupancy distribution deter-
mined in the system with Erlang–Engset–Pascal traffic in the
ι-iteration by [Pn][ι]

Vs+Qs
and the average number of serviced

calls of class c, type X, determined in Step ι by
�
yX

c,s(n)
�[ι].

Then,�
nX

c,s(n)
�[ι+1]

=
�
yX

c,s(n)
�[ι+1]

=

8̂̂<̂
:̂
�
AX

c,s(n − tc,s)
�[ι+1] �Pn−tc

�[ι]
Vs+Qs

[Pn][ι]
Vs+Qs

for 0≤n≤Vs + Qs,

0 in other cases.
(11)

The iteration process terminates when the required accuracy
is obtained.

The method to determine the occupancy distribution and the
blocking probability in the primary resource s with the server
capacity Vs and queue capacity Qs with Erlang-Engset-Pascal
traffic is presented below:

1) Determination of iteration step ι = 0.

2) Determination of initial values
h
nEn

j,s(n)
i[ι]

,
�
nPa

l,s(n)
�[ι]:

∀1≤ j≤mEn
s
∀0≤n≤Vs

h
nEn

j,s(n)
i[ι]

= 0,

∀1≤l≤mPa
s
∀0≤n≤Vs

�
nPa

l,s(n)
�[ι]

= 0.
3) Increase in the iteration step: ι = ι+ 1.
4) Determination of the intensity value of the Engset

traffic of class j and class l Pascal traffic in ι-
iterations–Formulas (2) and (3).

5) Determination of state probabilities
[Pn][ι]

Vs+Qs
–Formula (6).

6) Determination of the average number of serviced

Engset calls
h
nEn

j,s(n)
i[ι]

and Pascal calls
�
nPa

l,s(n)
�[ι]

in the occupancy state n AU in the resource
s–Formula (11).

1This assumption means that in each state n the number of AUs occupied
by calls of an Engset stream of class j and Pascal of class l is equal to the
number of AUs occupied by corresponding equivalent Erlang streams.
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7) Repetition of steps 3–6 until the required accuracy ε of
the iteration process is achieved:

∀1≤s≤r∀0≤n≤V

ˇ̌̌̌
ˇ̌̌
h
nEn

j,s(n)
i[ι−1]

−

h
nEn

j,s(n)
i[ι]

h
nEn

j,s(n)
i[ι]

ˇ̌̌̌
ˇ̌̌ ≤ ε, (12)

∀1≤s≤r∀0≤n≤V

ˇ̌̌̌
ˇ
�
nPa

l,s(n)
�[ι−1]

−
�
nPa

l,s(n)
�[ι]�

nPa
l,s(n)

�[ι]

ˇ̌̌̌
ˇ ≤ ε. (13)

The blocking probability in this system results from the
finite capacity of the queue, and for calls of class c can be
determined by the following Formula:�

EX
c

�
Vs+Qs

=

Vs+QsX
n=Vs+Qs−tc,s+1

[Pn]Vs+Qs for c ∈ MX
s . (14)

Formula (14) determines the aggregated sum of blocking
states for calls of class c, that is, those states in which the
number of free AUs in the queue is lower than the number
of AUs required to set up a connection of class c. The
service discipline of the SD FIFO queue corresponds to the
resource allocation for each class of traffic offered based on
the balanced fairness algorithm.

This model approximates well different algorithms for
resource division for serviced calls, in particular the propor-
tional algorithm [38].

IV. QUEUE PARAMETERS

The knowledge of the occupancy distribution in primary
resources allows us to determine the queue parameters based
on the methodology presented in [38]. According to this
methodology, the average number of calls of class c of type
X present in the queuing system s (xX

c,s(n)) is approximated
by the average number of AUs occupied by calls of class c
of type X serviced in a fictitious loss system s′ (without a
queue) with a server capacity V ′ equal to the sum of the server
and a queue capacities of the primary system V ′ = Vs + Qs.
In accordance with the adopted method for calculating queue
parameters, they can be determined as follows:

The average queue length for class c of type X in the
occupancy state n of the primary resource s is equal to:

qX
c,s(n) = [xX

c,s(n) − yX
c,s(n)]ti,s. (15)

The average queue length for class c of type X in the
primary resource s is equal to:

qX
c,s =

Vs+QsX
n=Vs+1

[xX
c,s(n) − yX

c,s(n)]ti,s[Pn]Vs+Qs , (16)

where:
• yX

c,s(n) defines the average number of calls of class c
of type X serviced in the primary resource s with the
capacity Vs AU and the queue Qs AU that can be
determined on the basis of Equation (8).

• xX
c,s(n) defines the average number of calls of class c of

type X in the resource s′ with the capacity V ′s which is
composed of real resources with the capacity equal to the
sum V ′s = Vs + Qs.

Since in the adopted model, the parameter xX
c,s(n) is approx-

imated by the average number of calls of class c of type X
serviced in a fictitious loss system s′ (without a queue), with
a server capacity V ′ equal to the sum of the server and queue
capacities of the primary system V ′ = Vs + Qs. Therefore,
the value of this parameter can be determined on the basis of
Equation (8), which in this case can be written in the following
from:

xX
c,s (n) =

8<:AX
c,s(n − tc,s)

�
Pn−tc,s

�
V ′

[Pn]V ′
for 0 ≤ n ≤ V ′,

0 in other cases.
(17)

In this case, the occupancy distribution
�
Pn−tc,s

�
V ′ can be

determined on the basis of the recursive dependence (6), with
the assumption that the capacity is V ′s = Vs+Qs and the buffer
capacity is equal to zero. For this system we get:

[Pn]V ′s =
1
n

8<:X
i∈MEr

s

AEr
i,sti,s

�
Pn−ti,s

�
V ′s

+
X
j∈MEn

s

AEn
j,s(n − t j,s)t j,s

�
Pn−t j,s

�
V ′s

+
X
l∈MPa

s

APa
l,s(n − tl,s)tl,s

�
Pn−tl,s

�
V ′s

9=; . (18)

By having the average number of calls that are in the queue
of individual classes in the resource s, the average total queue
length can be determined from the following Formula:

qs =

msX
c=1

qX
c,s, (19)

Based on Little’s Law, the average waiting time can be
determined using the following formula:

T X
c,s =

qX
c,s

λX
c,s
. (20)

The resource whose average number of calls has been
determined as xX

c,s(n) in each state n occupies exactly n AUs.
In the case of a resource whose average number of calls
has been determined as yX

c,s(n), the maximum value of the
occupied AUs is Vs, while (0 ≤ n ≤ V ′). The inclusion of this
particular property, along with the above formulas, allows us
to determine the average queue length of a queue that includes
calls of all classes using the following formula:

qs =

Vs+QsX
n=Vs+1

(n − Vs)[Pn]Vs+Qs . (21)

A. Model of Traffic That Overflows From Primary Resources

1) Decomposition of Primary Resources: To determine
the traffic parameters of the traffic that overflows from the
primary resources, we will apply a modification of the method
proposed in [48]. The proposed modification is based on the
decomposition of each of the component primary resource s
with the server capacity Vs and queue capacity Qs into ms

fictitious resources without queues, each with the capacity vX
c,s,
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Fig. 3. Decomposition of the primary resource s into ms fictitious primary resources and ms equivalent fictitious primary resources.

where X denotes the type of traffic (Erlang, Engset, or Pascal).
Then, each fictitious primary resource sX

c is converted into an
equivalent fictitious primary resource. Each equivalent ficti-
tious primary resource sX

c (the number of equivalent fictitious
primary resources is equal to the number of fictitious primary
resources) is characterized by the equivalent capacity vX

c,∗s and
the equivalent Erlang traffic offered with intensity AX

c,∗s. These
parameters are selected in such a way that traffic that overflows
from the equivalent fictitious primary resource sX

c has exactly
the same parameters (average value and variance) as traffic
that overflows from the fictitious primary resource sX

c .
The need for decomposition results from the fact that each

primary resource s transports multi-service traffic streams, and,
consequently, the direct determination of variance for traffic
of individual classes on the basis of Riordan’s formulas [1]
is not possible. Each fictitious primary resource sX

c services
exclusively calls of one class c, which in turn makes the
application of Riordan’s formulas [1] possible to determine
the variance of traffic of class c that overflows from a
fictitious primary resource sX

c . To determine the capacity of a
fictitious primary resource sX

c , we can assume that the blocking
probability

�
EX

c

�
vX

c,s
for calls of class c type X in the fictitious

primary resource sX
c with capacity vX

c,s is exactly the same as
the blocking probability

�
EX

c

�
Vs+Qs

of calls of this class in the
primary resource s with the capacity Vs + Qs:

∀c∈MX
s

�
EX

c

�
vX

c,s
=
�
EX

c

�
Vs+Qs

. (22)

The method for the decomposition of the primary resource s
into ms fictitious primary resources and ms equivalent fictitious
primary resources is presented in Figure 3.

Note that, on the basis of (14) it is possible to deter-
mine the blocking probabilities for individual traffic classes
that are offered to the primary resource s. The result of
the adopted assumption–expressed by Formula (22)–that the
obtained probabilities are exactly the same as the probabilities
in the corresponding fictitious primary resources. Since each
fictitious primary resource services only one traffic class,

therefore, the capacities vX
c,s of the decomposed fictitious

primary resources can be determined on the basis of single-
service full-availability models for Erlang, Engset and Pascal
traffic. In these models, it is possible to determine the blocking
probability as the probability of the occupancy of all AUs:

∀c∈MX
s

�
EX

c

�
vX

c,s
=
�
EX

c

�
Vs+Qs

=
h
PvX

c,s

i
vX

c,s

. (23)

Thus, in the case of Erlang traffic, the capacity of fictitious
primary resources can be determined on the basis of the second
Erlang formula:

�
EEr

i

�
vEr

i,s
=
h
PvEr

i,s

i
vEr

i,s

= EvEr
i,s

�
AEr

i,s

�
=

�
AEr

i,s

�vEr
i,s�

vEr
i,s

�
!

vEr
i,sX

n=0

�
AEr

i,s

�n

n!

. (24)

In Formula (24), the parameters
�
EEr

i

�
vEr

i,s
and AEr

i,s are known,
therefore, on the basis of these parameters it is possible to
determine the parameter vEr

i,s. In a similar way, the capacities of
fictitious resources to which single-service Engset and Pascal
traffic is offered, can be determined on the basis of appropriate
formulas that determine the blocking probability in the Engset
and Pascal model:

h
EEn

j

i
vEn

j,s
=
h
PvEn

j,s

i
vEn

j,s

=

 
S En

j,s

vEn
j,s

! �
αEn

j,s

�vEn
j,s

vEn
j,sX

n=0

 
S En

j,s

n

! �
αEn

j,s

�n

, (25)

�
EPa

l

�
vPa

l,s
=
h
PvPa

l,s

i
vPa

l,s

=

 
S Pa

l,s + vPa
l,s − 1

vPa
l,s

! �
αPa

l,s

�vPa
l,s

vPa
l,sX

n=0

 
S Pa

l,s + n − 1
n

! �
αPa

l,s

�n

. (26)
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Formulas (24)–(26) apply to single-service systems in which
admission of a new call indicates the occupancy of one AU.

The next element of the decomposition of the primary
resource s is the exchange (conversion) of the fictitious
primary resource sX

c into the equivalent fictitious primary
resource sX

c . The need for such an exchange is also related
to the possibility of determining the variance of traffic that
overflows from the equivalent primary resource sX

c on the
basis of Riordan’s formulas [1]. Since these formulas make
it possible to determine the variance exclusively in the case
where the offered traffic is Erlang traffic, then the change of
the fictitious primary resource sX

c to the equivalent fictitious
primary resource sX

c is related to the change of Engset and
Pascal traffic into equivalent Erlang traffic.

Let the variance of traffic of class c type X offered to
the resource s be denoted by [σ2

c,∆s]
X. Equivalent Erlang

traffic AEn
j,∗s and APa

l,∗s is such traffic offered to a number
of fictitious additional resources with capacities ∆vEn

j,s, ∆vPa
l,s

such that the traffic that overflows from these resources is
equal, in terms of average value and variance, to Engset
traffic

�
AEn

j,s, [σ2
j,∆s]

En
�

and Pascal traffic
�
APa

l,s, [σ2
l,∆s]

Pa
�
. Note

that in the notation of equivalent traffic, e.g. in AEn
j,∗s, the

symbol En, which indicates the original nature of this traffic,
is retained in the upper index. The “asterisk” introduced
in the lower index denotes that it is already equivalent to
Erlang traffic. In the case of original Erlang traffic, we have:
AEr

i,∗s = AEr
i,s, [σ2

i,∆s]
Er = AEr

i,s and ∆vEr
i,s = 0.

The parameters of the equivalent fictitious primary resource
sX

c can be determined on the basis of the Equivalent Random
Traffic method (ERT) [49]. The average values and variances
of Erlang, Engset and Pascal traffic can be determined using
the following dependencies [49]:

- Erlang traffic:
AEr

i,s, [σ2
i,∆s]

Er = AEr
i,s, (27)

- Engset traffic:

AEn
j,s = S En

j,s

αEn
j,s

1 + αEn
j,s
,
�
σ2

j,∆s

�En
= S En

j,s

αEn
j,s�

1 + αEn
j,s

�2 , (28)

- Pascal traffic:

APa
l,s = S Pa

l,s

αPa
l,s

1 − αPa
l,s
,
�
σ2

l,∆s

�Pa
= S Pa

l,s

αPa
l,s�

1 − αPa
l,s

�2 . (29)

The average value R and variance σ2 for traffic that over-
flows from the primary resource with the capacity V , to which
Erlang traffic A is offered can be determined, according to
the ERT method, on the basis of Riordan’s formulas. In the
traffic conversion scheme considered, the group with capacity
V = ∆vX

c,s offers equivalent Erlang traffic with intensity
A = AX

c,∗s. From this group, traffic with the average value
R = AX

c,s and variance
�
σ2

c,∆s

�X overflows. Therefore, in the
notation adopted for the present work, Riordan’s formulas can
be written as follows:

AX
c,s = AX

c,∗sE∆vX
c,s

(AX
c,∗s), (30)

�
σ2

c,∆s

�X
= AX

c,s

 
AX

c,∗s

∆vX
c,s + 1 − AX

c,∗s + AX
c,s

+ 1 − AX
c,s

!
. (31)

Formulas (30) and (31) allow the pair of parameters (AX
c,∗s,

∆vX
c,s) to be determined on the basis of known values of the

pair of parameters (AX
c,s,

�
σ2

c,∆s

�X), which depending on the
traffic under consideration, is described by Formulas (27)–(29).
After determining the values of the parameters (AX

c,∗s, ∆vX
c,s),

the capacity of the equivalent fictitious primary resource sX
c

can be evaluated, i.e. the parameter vX
c,∗s [1]:

vX
c,∗s = vX

c,s + ∆vX
c,s. (32)

Note that the pair of parameters (AX
c,∗s, vX

c,∗s) for each
equivalent fictitious primary resource sX

c determines the Erlang
model for the full-availability group [50].

2) Parameters of Overflow Traffic: Overflow traffic of class
c that overflows from the primary resource s is equivalent
to traffic that overflows from the equivalent fictitious primary
resource sc and will be characterized by two parameters: the
average value of the intensity of the traffic RX

c,s and variance
[σ2

c,s]
X. Since the equivalent fictitious primary resource sX

c is
determined by the single-service Erlang model, therefore, the
parameters RX

c,s and [σ2
c,s]

X can be determined on the basis of
Riordan’s formulas that in the adopted notation will be written
as follows:

RX
c,s = AX

c,∗sEvX
c,∗s

(AX
c,∗s), (33)�

σ2
c,s

�X
= RX

c,s

 
AX

c,∗s

vX
c,∗s + 1 − AX

c,∗s + RX
c,s

+ 1 − RX
c,s

!
. (34)

The peakedness factor ZX
c,s for traffic of class c that overflows

from the equivalent fictitious primary resource sX
c is defined

as the ratio between the variance and the average value:

ZX
c,s =

�
σ2

c,s

�X

RX
c,s

. (35)

B. Model of Secondary Resources

As a result of the decomposition operation and the replace-
ment of primary resources with equivalent fictitious primary
resources, the overflow traffic streams, initially generated
according to the Erlang, Engset and Pascal distribution, are
characterized by the following parameters: the average value
of traffic intensity RX

c,s, variance [σ2
c,s]

X and the number of
AUs tc necessary for a given connection to be set up. These
streams are offered to the system of secondary resources with
the server capacity V0 AU to which the queue with the capacity
limited to Q0 AU is related.

To model the occupancy distribution in multi-service sec-
ondary resources with queueing, to which a mixture of
overflow traffic is offered, Harward’s approach, proposed in
[46], can be generalized. The generalization is based on
the division of the parameters of the secondary resource
system (traffic intensity and capacity) by the peakedness factor
(coefficient) of the traffic offered. As the result, the occupancy



5070 IEEE TRANSACTIONS ON NETWORK AND SERVICE MANAGEMENT, VOL. 23, 2026

distribution in the system, of secondary resources with queue-
ing, can be written in the adopted notation as follows:

[Pn] V0
Z +Q0

=
1
κ

8<: rX
s=1

X
i∈MEr

s

REr
i,s

ZEr
i,s

ti,s
�
Pn−ti,s

�
V0
Z +Q0

+

rX
s=1

X
j∈MEn

s

REn
j,s

ZEn
j,s

(n − t j,s)t j,s
�
Pn−t j,s

�
V0
Z +Q0

+

rX
s=1

X
l∈MPa

s

RPa
l,s

ZPa
l,s

(n − tl,s)tl,s
�
Pn−tl,s

�
V0
Z +Q0

9=; , (36)

where κ = min(n,V0), n (0 ≤ n ≤
V0
Z + Q0) is the

number of AUs occupied by calls that are in the secondary
resource (serviced and queued), whereas the distribution
[Pn] V0

Z +Q0
determines the occupancy probability n AU in the

secondary resource with the server capacity V0 and queue
capacity Q0.

sIn Formula (36), the parameters of traffic that overflows
from the primary resources are determined by Formulas
(33)–(35). The parameter Z is the aggregated peakedness
factor. The introduction of this notion results from the neces-
sity, according to Hayward’s concept, to normalize the total
capacity of the system of secondary resources V0

Z + Q0 to
which an appropriate mixture of traffic is offered that overflows
from each of r primary resources. The aggregated peakedness
factor can be approximately determined on the basis of the
weighted average of the peakedness factors for individual
traffic classes that are offered to the secondary resources
system:

Z =

rX
s=1

msX
c=1

ZX
c,s

RX
c,stc,sPr

k=1
Pm

l=1 RX
l,ktl,k

. (37)

The blocking probability for traffic of class c in
the secondary resources with queueing (regardless of
from which primary resources this traffic overflows) is
equal to:

�
Ec
�

V0+Q0 =

V0
Z +Q0X

n=
V0
Z +Q0−tc+1

h
Pn

i
V0
Z +Q0

. (38)

C. Parameters of Queues of Secondary Resources

Similarly as in the case of the primary resources, it
is possible to determine the parameters of the queues for
the secondary resources. This determination will be based
on the occupancy distribution determined by Formula (36).
Using the methodology presented to determine the queue
parameters for the primary resources, the average queue length
for calls of class c type X in the secondary resources can be
determined on the basis of the following dependence:

qX
c,0 =

V0
Z +Q0X

n=
V0
Z +1

qX
c,0(n)[Pn] V0

Z +Q0
, (39)

where:

• qX
c,0(n) - is the average number of calls of class c, type

X in the queue in the occupancy state of the secondary
resources n:

qX
c,0(n) =

V0
Z +Q0X

n=
V0
Z +1

[xX
c,0(n) − yX

c,0(n)][Pn] V0
Z +Q0

, (40)

• yX
c,0(n) determines the average number of calls of class

c type X serviced in the secondary resource 0 with the
capacity V0 AU, which can be determined on the basis of
Equation (8).

• xX
c,0(n) determines the average number of calls of class c

type X in resource 0′ with capacity V ′0 = V0 + Q0

The value of the parameter xX
c,0(n) can be determined on

the basis of Equation (8) that for this particular case can be
written in the following form:

xX
c,0 (n) =

8̂<̂
:AX

c,0(n − tc)

�
Pn−tc

�
V ′0

[Pn]V ′0

for 0 ≤ n ≤ V ′0,

0 in other cases.

(41)

For this case, the occupancy distribution
�
Pn−tc

�
V ′0

can be
determined on the basis of the recursive dependence (6), with
the accompanying assumption that the resource capacity is
V ′s = Vs +Qs and the buffer capacity is equal to zero. For this
system we get that:

[Pn]V ′s =
1
n

8<:X
i∈MEr

s

AEr
i,sti,s

�
Pn−ti,s

�
V ′s

+
X
j∈MEn

s

AEn
j,s(n − t j,s)t j,s

�
Pn−t j,s

�
V ′s

+
X
l∈MPa

s

APa
l,s(n − tl,s)tl,s

�
Pn−tl,s

�
V ′s

9=; . (42)

The average queue length (that takes into consideration all
call classes) is equal:

q0 =

V0
Z +Q0X

n=
V0
Z +1

�
n −

V0

Z

�
[Pn] V0

Z +Q0
. (43)

The average duration time for calls of class c in the queue of
the secondary resources is equal to:

Tc,0 =
qX

c,0

λc,0
. (44)

1) Sequence of Calculations: The models presented earlier
in the article make it possible to develop the Overflow-Q-
ErEnPa method (Overflow-Erlang Engset Pascal) to determine
the blocking probability and other characteristics in the multi-
service overflow system with queueing in the primary and
secondary resources to which Erlang–Engset–Pascal traffic is
offered. This method is presented below.

The OverFlow-Q-ErEnPa method is an iterative scheme
that successively updates the occupancy distributions of the
primary and secondary resources on the basis of the recurrent
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TABLE I
PARAMETERS OF TRAFFIC OFFERED TO THE EXEMPLARY OVERFLOW NETWORKS

Overflow-Q-ErEnPa method
1) Determination of the occupancy distribution [Pn]V s in the

primary resource s, where 1 ≤ s ≤ r–Formula (6).
2) Determination of the blocking probability

�
EX

c,s

�
Vs

for
traffic streams of all classes in the primary resource s,
where 1 ≤ s ≤ r, 1 ≤ c ≤ ms–Formula (14).

3) Determination of the parameters of the queues for the
primary resources (s, where 1 ≤ s ≤ r)–Formulas
(15)–(21).

4) Determination of the capacity vX
c,s for each fictitious

primary resource sX
c –Formulas (24)–(26).

5) Determination of the variance [σ2
c,∆s]

X of traffic offered to
the primary resource–Formulas (27)–(29).

6) Determination of the parameters of the equivalent ficti-
tious primary resource-go sX

c , i.e. the equivalent intensity
of Erlang traffic AX

c,∗s and the equivalent capacity
vX

c,∗s–Formulas (30)–(32).
7) Determination of overflow traffic parameters: the average

value of the intensity of the traffic RX
c,s and variance�

σ2
c,s

�X–Formulas (33)–(34).
8) Determination of the aggregated peakedness factor

Z–Formula (37).
9) Determination of the occupancy distribution [Pn]V0/Z in

the system of secondary resources–Formula (36).
10) Determination of the blocking probability [Ec]V0 for traffic

streams of the call classes offered to the system of
secondary resources–Formula (38).

11) Determination of the parameters of the queues of the
secondary resources for all classes of calls offered to the
secondary resources–Formulas (39)–(44).

equations (6), (18), and (36). The convergence of recurrence-
based iterative schemes for full-availability multirate systems
with BPP traffic has been rigorously analysed in our previous
work [45], where the MIM-BPP algorithm built on the same
class of recurrence relations was proved to be convergent.
Since the recurrent equations used in the present model satisfy
the same assumptions (finite capacities of the system and
BPP traffic) and belong to this class, the iterative procedure
employed here is convergent as well.

Fig. 4. Blocking probability in Network 1.

Fig. 5. Average length of queue in Network 1 (primary resources).

V. THE RESULTS OF MODELING OF SELECTED OVERFLOW
SYSTEMS WITH QUEUES IN THE PRIMARY AND

SECONDARY RESOURCES AND
ERLANG–ENGSET–PASCAL TRAFFIC

The presented OverflowQ-ErEnPa analytical method to
model telecommunications systems with Erlang, Engset and
Pascal overflow traffic is an approximate method. To assess
its accuracy, the analytical results were compared with
data obtained from dedicated simulation experiments con-
ducted in this study. The simulation experiments were carried
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Fig. 6. Blocking probability in Network 2.

Fig. 7. Average length of queue in Network 2 (primary resources 1).

Fig. 8. Average length of queue in Network 2 (primary resources 2).

out using a discrete-event simulator implemented in C++.
The traffic sources were configured to emulate the Erlang,
Engset and Pascal service classes adopted in the analytical
model. Each configuration was simulated for 1000000 call
arrivals to achieve statistically reliable estimates. Indepen-
dent series were executed under distinct random seeds to
mitigate stochastic variability. Following a preliminary run,

Fig. 9. Average length of queue in Network 2 (secondary resources).

Fig. 10. Total average length of queue in Network 2 (primary and secondary
resources).

simulation results were collected under steady-state conditions.
Blocking probabilities and mean queue lengths were estimated
with 95% confidence intervals computed using the Student’s
t-distribution based on the results of independent series.
This experimental setup ensures reproducibility and enables a
consistent comparison between the analytical and simulation
results. Figures 4–10 show the study results obtained for two
networks with overflow traffic and queues whose parameters
are described in Table I.

Figures 4–5 present the empirical results concerning Net-
work No. 1, where queue configurations were exclusively
allocated to primary resources. Figure 4 illustrates the blocking
probability, while Figure 5 shows the average queue length
across specific classes and in aggregate.

Figures 6–10 present the results pertaining to Network
No. 2, featuring queueing configurations that encompass both
primary and secondary resources. Figure 6 illustrates the
blocking probability for all traffic classes offered to Network
No. 2. The average queue lengths within Network No. 2 are
shown in Figures 7–10. Specifically, Figures 7 and 8 show
the average queue lengths within primary resources 1 and
2, respectively. Furthermore, the average queue length within
the secondary resources of Network No. 2 is illustrated in



GŁ ↪ABOWSKI et al.: MODELING OF MULTI-SERVICE QUEUEING SYSTEMS WITH TRAFFIC OVERFLOW 5073

TABLE II
THE ABSOLUTE ERROR OF THE QUEUE LENGTH IN NETWORK NO. 2

Fig. 11. Blocking probability in Network 3.

Figure 9, with the complete queue length across the network
provided in Figure 10.

Finally, Figures 11 and 12 show the blocking probability
for all traffic classes offered to Network No. 3 and the

TABLE III
THE ABSOLUTE ERROR OF THE BLOCKING PROBABILITY

IN NETWORK NO. 3

Fig. 12. Average length of queue in Network 3.

corresponding average queue length. In particular, Network
No. 3 is characterized by queue configurations solely allocated
to secondary resources.
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TABLE IV

SYSTEM PARAMETERS

TABLE V

TRAFFIC AND MODELING PARAMETERS

The analytical model proposed in this article is approximate
as it assumes the reversibility of the service process. However,
the results presented clearly indicate that the model accurately
approximates systems with traffic overflow mechanisms. It

should be emphasized that regarding the blocking probability,
the accuracy of the proposed model depends neither on the
queue definitions nor on the traffic offered to the system. How-
ever, in the case of the average queue length, the calculation
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TABLE VI

PERFORMANCE METRICS

results mirror the pattern observed in the results obtained from
simulations.

Tables II and III present the absolute errors calculated for
the numerical results used to prepare the two selected plots
shown in Figures 10 and 11. Specifically, Table II contains
the absolute error for the average queue length in the primary
and secondary resources of network No. 2, while Table III
provides the errors for the blocking probability in network
No. 3. The discrepancies between the analytical model results
and the digital simulation data stem from the approximate
nature of the proposed model. However, the obtained abso-
lute errors confirm the validity of the adopted modeling
assumptions.

The values in the tables are presented as a function of the
offered traffic per AU of the respective network resources.
For the average queue length errors, the traffic is referenced
to a single AU of the primary resources; for the blocking
probability errors, it is referenced to a single AU of the
secondary resources. This distinction arises from the fact that
in network No. 2, queues occur in both primary and secondary
resources, whereas blocking occurs only in the secondary
resources. Referencing the results to the offered traffic per AU
of the primary resources allows for a consistent comparison
of the obtained results.

VI. CONCLUSION

This article proposes an analytical model of a multi-service
hierarchical system with overflow traffic. The assumption is
that the system queues will be introduced to the primary and
secondary resources of the considered traffic overflow system.
This will allow the blocking probability to be reduced. To
assess the analytical model developed, the analytical results
obtained are compared with the simulation data. Both the data
presented in the article and the results obtained by the present
authors in numerous comparative studies clearly indicate that
the proposed model makes it possible to evaluate the values
of the blocking probability with the accuracy that provides
its reliable practical application at the stage of network
dimensioning. Future research will focus on extending the
proposed analytical model to systems that employ compres-
sion mechanisms, enabling flexible distribution of resources
among multiple service classes. Such systems will include
mixed traffic types, including stream, elastic and adaptive
calls, which better reflect the characteristics of contempo-
rary telecommunication networks. Moreover, the developed

analytical framework can be used to improve network
dimensioning and control in hierarchical and cloud-based
environments.

APPENDIX

The notation used throughout the paper is summarized
Tables IV-VI.

CODE AND DATA AVAILABILITY

The simulator used to generate the numerical results
reported in this paper is properiatery research tool that
is made freely available for academic use through hosted
web interface. Academic users may request access by
completing the registration form and accepting the aca-
demic end-user licence agreement at https://perfectsoft.it/rnd/

network-dimensioning-engine/
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[42] S. Rácz, B. P. Gerő, and G. Fodor, “Flow level performance analysis of a
multi-service system supporting elastic and adaptive services,” Perform.
Eval., vol. 49, nos. 1–4, pp. 451–469, Sep. 2002. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0166531602001153

[43] J. Roberts, “Performance evaluation and design of multiservice
networks,” Commission of the European Communities, Brussels, Bel-
gium, Final Rep. COST 224, 1992.

[44] J. Roberts, V. Mocci, and I. Virtamo, “Broadband network teletraffic,”
Commission of the European Communities, Springer Verlag, Berlin,
Germany, Final Rep. Action COST 242, 1996.

[45] M. Głabowski, M. Stasiak, and J. Weissenberg, “Properties of recur-
rent equations for the full-availability group with BPP traffic,” Math.
Problems Eng., vol. 2012, no. 1, p. 17, Jan. 2012.

[46] M. Gł ↪abowski, K. Kubasik, and M. Stasiak, “Modeling of systems
with overflow multi-rate traffic,” Telecommun. Syst., vol. 37, nos. 1–3,
pp. 85–96, Mar. 2008.

[47] M. Gł ↪abowski, A. Kaliszan, and M. Stasiak, “Modeling product-form
state-dependent systems with BPP traffic,” Perform. Eval., vol. 67, no. 3,
pp. 174–197, Mar. 2010.

[48] Q. Huang, K.-T. Ko, and V. B. Iversen, “Approximation of loss cal-
culation for hierarchical networks with multiservice overflows,” IEEE
Trans. Commun., vol. 56, no. 3, pp. 466–473, Mar. 2008.

[49] M. Glabowski, D. Kmiecik, and M. Stasiak, “Modelling of multiservice
networks with separated resources and overflow of adaptive traffic,”
Wireless Commun. Mobile Comput., vol. 2018, no. 1, Aug. 2018, Art.
no. 7870164. [Online]. Available: https://www.hindawi.com/journals/
wcmc/2018/7870164/

[50] E. Brockmeyer, H. Halstrom, and A. Jensen, “The life and works of
A.K. Erlang,” Acta Polytechnika Scandinavia, vol. 6, no. 287, p. 275,
1960.

Mariusz Gł ↪abowski (Senior Member, IEEE)
received the M.Sc., Ph.D., and D.Sc. (Habilitation)
degrees in telecommunication from Poznan Univer-
sity of Technology, Poland, in 1997, 2001, and 2010,
respectively. In 2020, he was nominated as a Full
Professor. Since 1997, he has been with the Institute
of Communications and Computer Networks, Fac-
ulty of Computing and Telecommunications, Poznan
University of Technology. He is engaged in research
and teaching in the area of performance analysis and
modeling of multiservice networks and switching

systems. He is the author or co-author of four books, 12 book chapters, and
over 150 papers, which have been published in communication journals and
presented at national and international conferences.

https://www.sciencedirect.com/science/article/pii/S1084804524000146
https://www.sciencedirect.com/science/article/pii/S1084804524000146
https://cloud.google.com/blog/products/networking/google-cloud-networking-in-depth- cloud-load-balancing-deconstructed
https://cloud.google.com/blog/products/networking/google-cloud-networking-in-depth- cloud-load-balancing-deconstructed
https://cloud.google.com/blog/products/networking/google-cloud-networking-in-depth- cloud-load-balancing-deconstructed
http://dx.doi.org/10.1002/ecja.4410640610
http://dx.doi.org/10.1002/ecja.4410640610
http://dx.doi.org/10.1007/978-3-030-14413-5%5F12
http://dx.doi.org/10.1007/978-3-030-14413-5%5F12
https://gitlab2.informatik.uni-wuerzburg.de/itc-conference/itc-conference-public/-/raw/master/itc08/kosten762.pdf?inline=true
https://gitlab2.informatik.uni-wuerzburg.de/itc-conference/itc-conference-public/-/raw/master/itc08/kosten762.pdf?inline=true
https://www.sciencedirect.com/science/article/pii/0166531694000298
https://www.sciencedirect.com/science/article/pii/0166531694000298
http://dx.doi.org/10.1109/TWC.2005.847031
http://dx.doi.org/10.1145/1071690.1064252
http://dx.doi.org/10.1109/90.611106
http://www.sciencedirect.com/science/article/pii/S0166531602001153
https://www.hindawi.com/journals/wcmc/2018/7870164/
https://www.hindawi.com/journals/wcmc/2018/7870164/


GŁ ↪ABOWSKI et al.: MODELING OF MULTI-SERVICE QUEUEING SYSTEMS WITH TRAFFIC OVERFLOW 5077

Sławomir Hanczewski (Member, IEEE) received
the M.Sc. and Ph.D. degrees in telecommunica-
tions and the D.Sc. degree in ICT from Poznan
University of Technology, Poland, in 2001, 2006,
and 2020, respectively. Since 2001, he has been
with the Faculty of Computing and Telecommu-
nications, Poznan University of Technology. He is
currently an Assistant Professor with the Institute
of Communications and Computer Networks. He is
the author or co-author of more than 60 scientific
papers, related mostly to the analytical modeling of
communications systems.

Damian Kmiecik received the Ph.D. degree in
telecommunications from Poznan University of
Technology, Poland, in 2021. He is the author and
co-author of more than 20 scientific papers, mostly
related to the analytical modeling of telecommuni-
cations systems.

Maciej Stasiak (Member, IEEE) received the M.Sc.
and Ph.D. degrees in electrical engineering in 1979
and 1984, respectively, and the D.Sc. degree in
electrical engineering from Poznan University of
Technology in 1996. In 2006, he was nominated
as a Full Professor. Between 1983 and 1992, he
was with the Polish industry sector as a Designer
of electronic and microprocessor systems. In 1992,
he joined Poznan University of Technology, where
he is currently the Director of the Institute of
Communications and Computer Networks, Faculty

of Computing and Telecommunications. He is the author or co-author of
more than 300 scientific papers and five books. He is engaged in research
and teaching in the area of performance analysis and modeling of queuing
systems, multi-service networks, and switching systems. Since 2004, he has
been actively carrying out research on the modeling and dimensioning of
cellular networks.

Joanna Weissenberg received the M.Sc. degree
in mathematics from Casimir the Great University,
Poland, in 2007, and the Ph.D. degree in telecom-
munication from Poznan University of Technology,
Poland, in 2015. The main area of her professional
activity is Markovian analysis of multiservice net-
works. Her research interests include the application
of stochastic processes theory in telecommunication
systems and the analysis of queueing delay models
in nervous systems.


